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Abstrat. Employing the Shwinger's proper-time method, we alulate the 〈ψ¯ψ〉-
ondensate for massive Dira fermions of harge e interating with a uniform magneti
eld in a heat bath. We present general results for arbitrary hierarhy of the energy
sales involved, namely, the fermion mass m, the magneti eld strength
√
eB and
temperature T . Moreover, we study partiular regimes in detail and reprodue some
of the results alulated or antiipated earlier in the literature. We also disuss possible
appliations of our ndings.
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1. Introdution
It is well known that the presene of magneti elds atalyzes the dynamial breakdown
of hiral symmetry even for the weakest attrative interation between fermions. This
eet has been dubbed as magneti atalysis [1, 2, 3, 4℄. More reently, the dynamial
generation of anomalous magneti moment of the eletron has also been unveiled in [5℄.
The hange in the vauum struture is governed by the the fermion ondensate 〈ψ¯ψ〉,
whih serves as an ideal order parameter to apture the details of this eet. At high
temperatures, the struture of the phase transition beomes even riher. In Ref. [6℄,
exploring the magneti atalysis in massless, weakly oupled QED with a magneti eld
and temperature, within the ontext of a onstant dynamial mass and only onsidering
the lowest Landau level, it was established that the hiral symmetry is restored above a
ritial temperature whih is muh smaller than
√
eB. Under more rened treatment,
it was shown in Ref. [7℄ that symmetry restoration is ahieved for a temperature of the
order of the dynamially generated mass of the fermion at zero temperature. The phase
transition in this ase was found to be of seond order [8℄. Ref. [9℄ studies the Debye
mass and its dependene as a funtion of magneti eld and temperature by means of
omputing the vauum polarization tensor in QED. The work in Ref. [10℄ deals with
the purely thermodynami part of the one-loop eetive potential of a fermion in a
onstant magneti eld. This artile is mainly onerned with the small and large mass
expansions for arbitrary values of the magneti eld and temperature, emphasizing the
interpretation of this eetive potential as a dimensionally redued one from D to D-2
dimensions. Expliit expressions are not derived for given hierarhies of temperature
or magneti eld strengths. This senario of magneti elds and nite temperatures is
relevant for astrophysial proesses suh as supernova explosions as well as early universe
physis where both the heat bath and the magneti eld partiipate as key players in
this onnetion. For example, it has been shown by some of us that the inlusion of weak
magneti elds enhanes the strength of the rst order eletroweak phase transition at
nite temperature [11℄. Fermion ondensation by the eets of a magneti eld ould
give a further boost to these ndings. Moreover, the stability of multi-quark droplets
using the NJL model at nite temperature and with a homogeneous magneti eld is
disussed in Ref. [12℄, showing that the later promotes the reation of stable droplets and
enhanes their stability even for quark ouplings below the value of the bag onstant.
On more terrestrial grounds, relativisti heavy-ion ollisions at nite impat
parameter oer an opportunity to test the eets of an external magneti eld in the
hiral phase transition under extreme onditions [13℄. It has reently been shown that
in peripheral ollisions, a magneti eld of non-negligible strength is generated [14℄, the
origin of whih has two omponents: the eetive angular momentum generated by the
loal imbalane of the momentum arried by the harged olliding nuleons [15℄, and
the addition of urrents generated by the spetator nuleons whih move in opposite
diretions in the interation region. The eet of a strong magneti eld (in RHIC,
magneti elds an reah intensities in the range of 102 − 103MeV 2 for proper times
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τ . 0.1fm [14℄) on the hiral phase transition has been predited to modify a rossover
into a weak rst-order transition in the linear sigma model [16℄. Nevertheless, sine the
intensity of this eld redues as 1/τ 3 [14℄, at τ ≃ 1fm, the eld strength has already
redued two orders of magnitude. Therefore, it is desirable to apture the details of the
transition over a broad range of values of eB. This will beome even more important
in the LHC, where the magneti elds in o-enter heavy-ion ollisions are expeted to
reah even higher intensities [17℄.
In this artile, we employ the Shwinger's proper-time method to evaluate the
fermion ondensate 〈ψ¯ψ〉 at nite temperature in the presene of an external uniform
magneti eld. We present general results without seleting a hierarhy between dierent
energy sales involved, namely, temperature T , magneti eld
√
eB and the bare
fermioni mass m. We have organized the artile as follows. In Set. II, we alulate
〈ψ¯ψ〉 at zero temperature in a uniform magneti eld. We also present results for the
limiting ases of
√
eB ≪ m and√eB ≫ m. In Set. III, the same omputation is arried
out at nite temperature without magneti elds. After giving a general expression, we
also report analytial expressions in the limit T ≪ m as well as T ≫ m. In Set. IV, we
alulate the fermion ondensate in a magneti eld immersed in a heat bath. Starting
from the general results, we onsider speial ases of dierent hierarhies of energy sales
involved (m, B and T ), i.e.,
√
eB ≫ T ≫ m, T ≫ √eB ≫ m and T ≫ m ≫ √eB.
Setion V sums up the onlusions.
2. Condensate in vauum for B 6= 0
The 〈ψ¯ψ〉-ondensate is related to the fermion propagator S(k) as follows :
〈ψ¯ψ〉 = −Tr
∫
d4k
(2π)4
S(k) . (1)
We are interested in alulating the non-dynamial part of this ondensate in the
presene of a uniform external magneti eld for a hirally asymmetri theory with
fermion bare mass m. The part of the ondensate assoiated with the appearane of
dynamial masses will be studied elsewhere.
We employ the Shwinger's proper time method [18℄ beause it is easy to be
extended to the ase of nite temperature in Set. IV. Therefore, assuming the magneti
eld to be direted along the third spatial diretion, we use the expression for the fermion
propagator [18℄ :
SB(k) = − i
∫ ∞
0
dτ
cos(eBτ)
exp
[
iτ
(
k2|| +
tan(eBτ)
eBτ
k2⊥ −m2 + iǫ
)]
×
[
exp(ieBτσ3)(m+ γ · k|| )− γ · k⊥
cos(eBτ)
]
.
(2)
Throughout this work, we use subsript B to denote a quantity in the presene of
external magneti eld. Moreover, we employ the notation (a · b)|| ≡ a0b0 − a3b3 and
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(a · b)⊥ ≡ a1b1 + a2b2 for two arbitrary four-vetors aµ and bµ. σ3 is the third Pauli
matrix.
Following Ref. [19℄, the integration over proper time in Eq. (2) an be ast in the
form a sum whih runs over the Landau level index l, namely
SB(k) = i
∞∑
l=0
dl(
k2
⊥
eB
)D + d′l(
k2
⊥
eB
)D¯
k2|| − 2leB −m2 + iǫ
+
6k⊥
k2⊥
, (3)
where dl(α) ≡ (−1)ne−αL−1l (2α), d′n = ∂dn/∂α ,
D = (m+ 6k||) + 6k⊥
m2 − k2||
k2⊥
, D¯ = γ5 6u6b(m+ 6k||) , (4)
Lml (x) are the Assoiated Laguerre polynomials, and b
µ
is a four-vetor indiating the
diretion of the magneti eld. Vetor uµ is dened as (1,~0). In ase of a heat bath,
it desribes the plasma rest frame. Using the propagator given in Eq. (3), the hiral
ondensate an be written as
〈ψ¯ψ〉B = −i4m
(2π)4
∫
d4k
∞∑
l=0
(−1)le− k
2
⊥
eBL−1l (2
k2
⊥
eB
)
k2|| − 2leB −m2 + iǫ
. (5)
Starting from this expression, we an establish the equivalene of the result obtained
in [2℄ (a) and [2℄ (d) (Eqs. (9) and (19), respetively) and [20℄ (Eq. (9)), obtained
through distint routes and written in an entirely dierent fashion. In order to do so,
we perform the integral over transverse momenta by employing the relation∫ ∞
0
dxe−bxLn(x) = (b− 1)nb−n−1 . (6)
The expression for the ondensate then simplies to
〈ψ¯ψ〉B=−meB
2π2
∞∑
l=0
(2− δ0l)
∫ ∞
0
dk3√
k23 + 2leB +m
2
. (7)
where we have used the iǫ presription, that is to say, we deomposed the integral in
the prinipal and imaginary parts. Integrating the above expression term by term, we
obtain
〈ψ¯ψ〉B = − 2meB
(2π)2
{
ln
(
1 +
√
1 + x20√
x20
)
+ 2
∞∑
l=1
ln
(
1 +
√
1 + x2l√
x2l
)]
,(8)
where x2l = (2leB +m
2)/Λ2 and Λ is the ultraviolet uto. This is exatly the result
obtained in Ref. [20℄ by quantizing diretly the solutions to the Dira equation in the
external magneti eld.
We an also show that Eq. (7) agrees with the result obtained in Refs. [2℄ (a)
and [2℄ (d). To see the equivalene, notie that when we derive the integral over k3 with
respet to m2, the remaining integral beomes onvergent, aquiring the form∫ ∞
0
dk3
(k23 + µ
2)
3
2
=
∫ ∞
0
dηe−ηµ
2
, (9)
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Figure 1. Magneti eld dependent fermion ondensate in units of m3 as a funtion
of eB/m2. Solid line: exat result, Eq. (12). Thik dashed line: exat result dedued
from Eq. (12) of Ref. [2℄ (a), i.e., Eq. (13).
with the appropriate hoie of µ2. On substituting this expression into Eq. (7) and
performing the sum over l, (see Ref. [21℄) and the integration over m2, we are led to the
expression for the ondensate given in Refs. [2℄ (a) and [2℄ (d), i.e.,
〈ψ¯ψ〉B = −meB
(2π)2
∫ ∞
1
Λ2
dη
η
e−ηm
2
coth(ηeB) , (10)
where Λ is the ultraviolet ut-o of Eq. (8). We have thus established the equivalene
of Eq. (8) and Eq. (10), In order to alulate purely the magneti eld eet, we need
to subtrat out the vauum piee. Working with Eq. (10), we obtain
〈ψ¯ψ〉0 = − m
(2π)2
∫ ∞
1
Λ2
dη
η2
e−ηm
2
. (11)
This result is the origin of the quadrati divergene in the ondensate in the vauum
piee. Subtrating out the vauum part from Eq. (10), the magneti eld dependent
fermion ondensate is
∆
〈
ψψ
〉
B
≡ 〈ψψ〉
B
− 〈ψψ〉
0
=
−m
(2π)2
∫ ∞
0
dη
η2
e−ηm
2
[eBη coth(eBη)− 1] , (12)
whih is nite.
Note that the above expression has been obtained for an arbitrary value of the eld
strength eB, as ompared to m. The numerial plot of the ondensate as a funtion
of eld strength is shown in Fig. 1 as a solid line. In magnitude, it inreases with the
magneti eld strength. The same ondensate an be easily extrated from Eq. (15) of
the Ref. [2℄ (a). The equivalene an be established by taking into aount the fat that
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Figure 2. Magneti eld dependent fermion ondensate in units of m3 as a funtion
of eB/m2. Solid line: exat result, Eq. (12). Dashed line: strong eld limit, Eq. (14).
Dotted line: weak eld limit, Eq. (15).
the ondensate is given by the derivative of the eetive potential, dV (ρ)/dρ, where ρ is a
onvenient ombination of the elds involved. The magneti eld dependent ondensate
would be given by
∆
〈
ψψ
〉
B
=
dV (ρ)
dρ
−
[
dV (ρ)
dρ
]
B=0
. (13)
This expression has been plotted in Fig. 1 as a thik dashed line. This lies exatly on
top of the urve representing Eq. (12), establishing the orretness of our result.
From the general expression, we an dedue the behavior of the ondensate for the
values of the magneti eld under onsideration. For example, it is well known that in
the strong eld limit, the main ontribution omes from the lowest Landau level (LLL)
in Eq. (8). In terms of the integral Eq. (12), the same ontribution omes from the
interval [1,∞) [21℄. Calulating either way, the analyti expression for the result is
∆〈ψψ〉B
√
eB≫m−→ −meB
(2π)2
[
ln
(
eB
m2
)
−γE− 1
]
. (14)
This ontribution has been displayed by the dashed line in Fig. 2. As expeted, it
mathes on to the exat result in the intense eld limit.
We also obtain a losed expression in the weak eld limit :
∆〈ψψ〉B
√
eB≪m−→ − (eB)
2
(2π)2m
, (15)
represented by the dotted line in Fig. 2. It niely reprodues the exat urve for
eB ≪ m2. Eqs. (12), (14), and (15) are the main results of this setion. We now
turn our attention to the ase of the ondensate at nite temperature in absene of
external magneti elds.
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3. Condensate at nite temperature and B = 0
In this setion, we shall study the eet of the heat bath (or thermal utuations) at
temperature T on the fermion ondensate in the absene of any external eld. On
omparison with the previous setion, we nd that the eet of the nite temperature
is opposite to that of the magneti eld. In order to inorporate the eets of a
thermal bath, we use the imaginary-time formulation of thermal eld theory (see, for
example, [22℄). In this formalism, we replae integration over the time omponent k0
with a sum over disrete (Matsubara) frequenies aording to the presription∫
d4k
(2π)4
f(k)→ T
∑
n
∫
d3k
(2π)3
f(ωn,k) (16)
where ωn = (2n + 1)πT for fermions, with n = 0,±1,±2,±3 . . ., and T is the
temperature. We shall use the onvenient notation
T
∑
n
∫
d3k
(2π)3
f(ωn,k) ≡
∫
β
f(ωn,k) , (17)
to denote integration and summation over Matsubara frequenies ωn, with β = 1/T . At
nite temperature, the fermion ondensate is
〈ψ¯ψ〉T = − 4m
∫
β
1
ω2n + ω
2
k
= −mβ
2
π2
∫
β
∫ ∞
0
ds e−s(
ωk
2piT )
2
e−s(n+
1
2)
2
. (18)
The supersript T , from now on, denotes a quantity aeted by the heat bath. Moreover,
ω2k = k
2 +m2. Note that we have made use of the identity a−1 =
∫∞
0
ds e−sa, whih is
valid for Re[a] > 0. As a result, the integral over momenta is Gaussian and that the
sum over Matsubara frequenies gets deoupled from this integral.
Sine the sum over Matsubara frequenies onverges slowly, we perform the sum by
means of the Poisson resummation formula,∑
n
e−s(n+
1
2)
2
=
(π
s
) 1
2
∑
n
(−1)ne−n
2
pi
2
s . (19)
It is well known that one the sum over Matsubara frequenies is arried out, the result
ontains the vauum ontribution. Partiularly, in the above expression, the vauum
ontribution omes from the term n = 0. To see this expliitly, we only need to replae
Eq. (19) with n = 0 into Eq. (18). Thus
〈ψ¯ψ〉0 = − mβ
2
π3/2
∫
d3k
(2π)3
∫ ∞
0
ds
s
1
2
e−s(
ωk
2piT )
2
. (20)
The integration over s is straightforward, yielding
〈ψ¯ψ〉0 = − 2m
∫
d3k
(2π)3
1√
k2 +m2
, (21)
whih orresponds preisely to the fermion ondensate in vauum.
Now we proeed to analyze the sum of the remaining terms with n 6= 0. These terms
ontain purely thermal ontributions. In order to do so, the rst step is to perform the
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Figure 3. Temperature dependent fermion ondensate in the units of m3 as a funtion
of T 2/m2. Solid line: exat result, Eq. (25). Dashed line: high temperature limit,
Eq. (27). Dotted line: low temperature limit, Eq. (28).
integral over momentum in Eq. (18),∫
d3k
(2π)3
e
−s k2
(2piT )2 =
(√
π
s
T
)3
. (22)
Inserting the above result along with Eq. (19) into Eq. (18), we nd that
∆〈ψ¯ψ〉T = 〈ψ¯ψ〉T − 〈ψ¯ψ〉0
= mT 2
∑
n 6=0
(−1)n+1
∫ ∞
0
ds
s2
e
−
h
( m2piT )
2
s+pi
2
n
2
s
i
. (23)
This result an be further simplied with the help of the identity [23℄,∫ ∞
0
ds s−ν−1e−γs−
δ
s = 2
(γ
δ
) ν
2
Kν(2
√
δγ) , (24)
valid for Re[δ] > 0 and Re[γ] > 0, and where Kν(x) are the Bessel funtions of the
seond kind. We thus nd the temperature dependent fermion ondensate to be
∆〈ψ¯ψ〉T = − 8mT
2
(2π)2
∞∑
n=1
(−1)n
n
m
T
K1
(
n
m
T
)
. (25)
This is an exat result, valid for all ranges of temperature and mass. Numerially,
it onverges rapidly for inreasing values of Matsubara frequenies. It is plotted as a
solid line in Fig. 3. The ondensate is positive and it rises with inreasing temperature.
Notie that the relative sign between the thermal and magneti ondensates (reall
Fig. 2), indiates that the heat bath ats opposite to the eet of the magneti eld.
From the exat result, we an extrat the behavior of the ondensate under extreme
onditions of high temperature in a losed form. To this end, we make use of the
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identity [24℄
∞∑
n=1
1
n
K1(nz) cos(nφ) = − z
4
[
ln
( z
4π
)
+ γE − 1
2
]
+
1
z
[
1
4
φ2 − π
2
φ+
π2
6
]
− π
2z
∑
l 6=0
[√
z2 + (φ− 2πl)2 − |φ− 2πl| − z
2
4π|l|
]
. (26)
Notie that when φ = π the sum on the l.h.s redues to the sum in Eq. (25). In the
high temperature limit, i.e., m/T ≪ 1 (or z ≪ 1) the rst and third terms on the r.h.s
of the identity vanish. This allows us to evaluate the fermion ondensate analytially in
this limit :
∆〈ψ¯ψ〉T T≫m−→ mT
2
6
. (27)
It is displayed in Fig. 3 with a dashed line. The exat result aligns itself with Eq. (27)
in the high temperature limit. The low temperature behavior for the temperature
dependent ondensate an be obtained from Eq. (25) by means of an asymptoti
expansion for the Bessel funtions near innity. We an then perform the sum over
n term by term. We again obtain a losed expression in this regime,
∆
〈
ψψ
〉
T
T≪m−→ 1
2
(
2mT
π
) 3
2
e−
m
T . (28)
This result is depited in Fig. 3 by the dotted line. Note that the high temperature limit,
Eq. (27), breaks down at lower values of temperature and is taken over by Eq. (28) to
mimi the exat result. Eqs. (25), (27), and (28) onstitute the main results of this
setion. The ombined eet of an external uniform magneti eld and a heat bath on
the fermion ondensate is studied in the next setion.
4. Condensate in a heat bath with B 6= 0
In previous setions, we have observed that the eets of the external uniform magneti
eld and the thermal bath on the fermion ondensate are diametrially opposed. A
natural and more relevant senario is to study the ombined eet of these two antagoni
agents on 〈ψ¯ψ〉. We apply the proedure similar to the one developed in the previous
two setions and arrive at the following expression :
∆〈ψ¯ψ〉TB = −
meB
π2
∞∑
l=0
(2− δ0l)
∞∑
n=1
(−1)nK0
(
n
√
2leB +m2
T
)
+ ∆
〈
ψψ
〉
B
. (29)
Notie that the rst term takes into aount the eets of thermal bath and the
external magneti eld on the fermion ondensate, while the seond orresponds to
the ondensate in vauum with a bakground magneti eld. This is one of the main
results of our paper.
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eld dependent fermion 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Figure 5. Contour plot for the temperature and magneti eld dependent fermion
ondensate as a funtion of eB/m2 and T 2/m2.
Eq. (29) an also be ast in the following form :
∆
〈
ψψ
〉T
B
=
2meB
(2π)2
∞∑
n=1
(−1)n+1
∫ ∞
0
ds
s
e
−
h
m
2
(2piT )2
s+pi
2
n
2
s
i
coth
(
eBs
(2πT )2
)
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+ ∆
〈
ψψ
〉
B
. (30)
This exat expression an also be written in terms of the Jaobi Θ4 funtion originating
from the sum over n, [25℄ as follows :
∆
〈
ψψ
〉T
B
= − meB
(2π)2
∫ ∞
0
ds
s
[
Θ4(0; e
−pi2
s )− 1
]
e
− m2
(2piT )2
s
coth
(
eBs
(2πT )2
)
+ ∆
〈
ψψ
〉
B
. (31)
The exat form is plotted in Fig. 4. Note that at high temperatures and weak magneti
eld (the farthest edge of the ube), the ondensate is positive. For low temperatures
and intense magneti elds (the losest edge of the ube), playing the dominant and
opposite role, the magneti eld pulls down the ondensate to its large negative values.
In the region where the ondensate does not deviate muh from its zero value (from the
right edge of the ube towards the left edge), temperature and magneti elds manage
to nullify the eet of eah other. This eet is most visible in the ontour plot displayed
in Fig. 5.
Starting from Eq. (30), we an analyze dierent senarios of relative strengths of the
mass m, the magneti eld eB and the temperature T . In the following sub-setions, we
disuss various hierarhies of interest, of the energy sales involved : intense magneti
elds, i.e., m≪ T ≪ √eB, intermediate magneti elds, namely m≪ √eB ≪ T , and
weak magneti elds,
√
eB ≪ m≪ T .
4.1. Strong Field
Let us begin by onsidering the following hierarhy among the energy sales involved:
m ≪ T ≪ √eB. In suh a senario, the main ontribution omes from the LLL, i.e.,
l = 0 in Eq. (29). In this regime, the ondensate is given by
∆〈ψ¯ψ〉TB = −
meB
π2
∞∑
n=1
(−1)nK0
(
n
m
T
)
− meB
(2π)2
[
ln
(
eB
m2
)
− γE − 1
]
.(32)
Furthermore, we again use Eq. (26) to perform the high temperature expansion (m ≪
T ) :
2
∞∑
n=1
(−1)nK0
(
n
m
T
)
m≪T→ γE − 1 + ln
( m
πT
)
. (33)
Substituting this expression into Eq. (32) and using Eq. (15) yields the fermion
ondensate
∆
〈
ψψ
〉T
B
= −meB
(2π)2
[
ln
(
eB
π2T 2
)
+ γE − 3
]
. (34)
This is drawn as the dashed line in Fig. 6 against the exat result for a given value of
temperature, represented by the solid line. Note that it ts the exat result very well
when the magneti eld intensity is suiently large as ompared to other energy sales
in the problem. However, this LLL approximation breaks down when magneti elds
are lowered, and we have to resort to other approximation shemes as detailed in the
sub-setions to follow.
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Figure 6. Temperature and magneti eld dependent fermion ondensate as a funtion
of eB/m2 at xed T . Solid line: exat (numerial) result, Eq. (30). Dashed line: strong
eld limit, Eq. (34). Long Dashed line: intermediate eld limit (numerial), Eq. (36).
Dotted line: weak eld limit, Eq. (41).
4.2. Field of Intermediate Intensity
In this regime, the temperature dominates over any other energy sale. Therefore, we
expet that the main ontribution to fermion ondensate omes from the thermal bath.
In order to onrm this, we take the high temperature limit of Eq. (29). Employing
Eq. (33), we arrive at
∆
〈
ψψ
〉T
B
= − 2meB
(2π)2
∞∑
l=0
(2− δl0)
[
ln
(√
2leB +m2
4πT
)
+ γE − 1
]
− meB
(2π)2
[
ln
(
eB
m2
)
− γE − 1
]
, (35)
where we have also made use of the fat that
√
eB ≫ m, Eq. (14) As the magneti eld
provides an intermediate energy sale, fermions an aess all the Landau levels and we
have to perform the sum over all of them. This is ahieved by invoking the proedure
outlined in Ref. [21℄ :
∆
〈
ψψ
〉T
B
=
meB
(2π)2
∫ ∞
3
2pi2T2
dη
η
e−ηm
2
coth(ηeB)
− meB
(2π)2
[
ln
(
eB
m2
)
− γE − 1
]
. (36)
Notie that we have introdued an infrared uto (2/3)π2T 2. This is due to the fat
that in the limit eB → 0, eah omponent of the transverse momentum ontributes
to the thermal bath with a fator of (1/3)π2T 2. In this kinematial region, we annot
perform any other approximation and hene a losed expression alludes us. In Fig. 6,
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we plot the numerial results for Eq. (36) in the form of the long dashed line. It niely
aptures the orret intermediate eld range.
4.3. Weak eld
We nally onsider the weak eld senario
√
eB ≪ m ≪ T . In this ase, we have to
perform sum over all Landau levels, sine the gap between energy levels is small and
thermal utuations an bring fermions from one level to a higher one easily. Notie
that Eq. (26) no longer provides a useful starting point beause the sum over Landau
levels exhibits a divergene. Nevertheless, we an perform a weak eld expansion in
the fermion propagator, Eq. (3), whih allows to perform the summation over Landau
levels. The resulting fermion propagator is then written as a power series in eB. Up to
order (eB)2 it reads [26℄
SB(k) ≈ 6k +m
k2 −m2 +
γ5 6u 6b( 6k|| +m)eB
(k2 −m2)2
− 2(eB)
2k2⊥
(k2 −m2)4
(
m+ 6k|| + 6k⊥
m2 − k2
k2⊥
)
. (37)
Substituting this expansion into Eq. (1), the fermion ondensate in the weak eld limit
is given by
〈ψ¯ψ〉B = − iT r
∫
d4k
(2π)4
[ 6k +m
k2 −m2 +
γ5 6u6b( 6k|| +m)eB
(k2 −m2)2
− 2(eB)
2k2⊥
(k2 −m2)4
(
m+ 6k|| + 6k⊥
m2 − k2
k2⊥
)]
. (38)
Notie that the term linear in the magneti eld vanishes when we take the trae. Thus,
〈ψ¯ψ〉B = − i4m
∫
d4k
(2π)4
[
1
k2 −m2 −
2(eB)2k2⊥
(k2 −m2)4
]
. (39)
With the presriptions of the imaginary time formalism, Eq. (16), the fermion
ondensate in the weak eld limit at nite temperature an be written as
〈ψ¯ψ〉TB = − 4mT
∑
n
∫
d3k
(2π)3
[
1
ω2n + k
2 +m2
+
2(eB)2k2⊥
(ω2n + k
2 +m2)4
]
. (40)
Notie that the rst term was alulated in Eq. (18) with the result shown in Eq. (27).
Given the hierarhy of energy sales in this limit, the thermal omponent that omes
from the seond term is negligible. Therefore, the main ontribution omes from the
vauum part. After some routine algebra, the ondensate in this limit is given by the
following losed expression :
∆
〈
ψψ
〉T
B
=
mT 2
6
[
1− 7ζ(3)
8π4
(eB)2
T 4
− 1
(2π2)
(eB)2
m2T 2
]
, (41)
where ζ(x) is the Riemann zeta funtion. This expression is depited by the dotted
line in Fig. 6, whih lies on top of the exat result in the limit of weak magneti elds.
With inreasing values of the magneti eld, this result starts beoming more and more
inaurate while the intermediate eld limit, Eq. (36), still preserves its validity. For
intense magneti elds, Eq. (34) takes over as the adequate desription of reality.
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5. Conlusions
The simultaneous presene of nite temperature and external magneti elds is a realisti
situation in the physis of the early universe [11℄, astronomial objets and even heavy
ion ollisions [13℄. Therefore, it is important to estimate the eet of these onditions on
the fermion mass and the fermion-anti-fermion ondensate. Moreover, in all the pratial
situations in osmology, astrophysis, or heavy ion ollisions, harged fermions have a
bare mass as long as the eletroweak phase transition has taken plae. Its ontribution
to the mass gap or the 〈ψ¯ψ〉 ondensate is an important question whose relevane has
been highlighted in several reent works, both in the vauum, [27℄, as well as in the
presene of an external magneti eld, [28℄.
In this artile, we present a detailed study of this eet in QED on the 〈ψ¯ψ〉
ondensate for the bare fermioni mass m in the absene of self interations. Most
importantly, our results are valid for an arbitrary hierarhy of the energy sales involved,
namely, the fermion mass m, the external magneti eld strength
√
eB, and the
temperature T . This is ahieved by arrying out the sum over all the Landau levels
and all the Matsubara frequenies. To the best of our knowledge, no suh omplete
alulation exists so far in the literature. The eet of the temperature and the magneti
elds are diametrially opposed, thus tending to nullify eah other. We also take several
physially relevant limits of our general results and arrive at losed expressions for
partiular regimes of T ,
√
eB and m. This analysis expliitly reveals the domain of
validity of eah and every approximation employed :
√
eB ≫ T ≫ m, T ≫ √eB ≫ m
and T ≫ m≫ √eB. We also present exat results for the ases when either temperature
or the magneti eld is absent. For speial ases, we reprodue the results already
known in the literature. The main results of our artile are : Eqs. (12), (14), and (15)
for T = 0, B 6= 0, Eqs. (25), (27), and( 28) for T 6= 0, B = 0 and Eqs. (30), (34), (36),
and (41) for T 6= 0, B 6= 0. A natural next step is to inlude the dynamial interation
eets while still preserving the arbitrariness of temperature as well as external magneti
eld. All this is for future.
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